The flow alignment in the isotropic and nematic phases of a liquid crystal is studied theoretically with special emphasis on temperatures close to the transition temperature. The point of departure is a nonlinear, inhomogeneous relaxation equation for the alignment tensor which is applicable to both phases. The stationary solutions of this equation are analysed. In addition to some well-known results which are recovered as limiting cases for small velocity gradients, it is found that a sufficiently large velocity gradient can induce a transition into an ordered phase if the temperature is between the transition temperature for equilibrium conditions and a somewhat larger critical temperature. In the nematic phase, a weak dependence of the flow alignment angle on the magnitude of the velocity gradient is obtained. The relaxation towards a steady state is also considered.
Recently, nonlinear constitutive laws have been derived 2 which govern the relaxation of the alignment and determine the flow alignment and the friction pressure tensor both in the isotropic phase and in the nematic phase of liquid crystals. These equations were obtained within the framework of irreversible thermodynamics modified in essentially two points, viz. the specific energy was assumed to contain a term quadratic in the alignment and in the entropy terms up to 4-th order in the alignment were included. In the absence of a viscous flow, the nonlinear relaxation equation for the alignment yields zero and nonzero steady state solutions if the temperature is above or below the characteristic temperature TK where the transition from the isotropic to the nematic phase occurs. In the presence of a viscous flow, the equation of de Gennes 3 ' 4 for the pretransitional behavior of the flow birefringence in the isotropic phase and the Ericksen-Leslie equation 4> 5 for the flow alignment in the nematic phases are comprised as special cases.
Nonequilibrium phenomena in the vicinity of FR are of particular interest. In Ref. 2 , it has been noticed that for the flow alignment in the isotropic phase close to FR , a steady state and spatially homogenous solution could only be found if the velocity gradient (flow rate) did not exceed a certain value which is proportional to (T -T*) 2 . The temperature T* (with T* < T K ) marks the limit of existence of the metastable isotropic phase. The theoretical treatment of this specific point in Ref. 2 Reprint requests to Prof. Dr. S. Hess, Institut für Theoretische Physik, Glückstr. 6, D-8520 Erlangen.
was based on an approximation to the nonlinear equations. Consequently, the question what happens if the velocity gradient does exceed its critical value could not be answered. In this paper the full nonlinear equations are used. For small velocity gradients, the flow alignment behaves as described in Reference 2 . If the velocity gradient is larger than a critical value, the liquid undergoes a transition to a nematic phase with the director in the plane determined by the direction of the velocity and its gradient. It is remarkable that a transition into an ordered phase can still be induced by application of a velocity gradient if the temperature is above TK but below a critical temperature T c which is determined by T c -7K ~ 2 (FR -T*). A similar behavior is expected for lyotropic liquid crystals where the number density of the solute molecules rather than the temperature is the relevant thermodynamic variable. This paper is divided into 6 sections. Firstly, some general remarks are made on the description of the alignment and on the relation between alignment and birefringence. Then, in Sect. 2, the relaxation equation for the alignment tensor is presented. For a special geometry, viz. flow between plane parallel plates, the alignment tensor can be characterized by 3 scalar variables. The choice of these variables and their physical meaning (one of them is the flow alignment angle) is discussed in Section 3. The relaxation equations for these scalar variables following from the tensor relaxation equation are stated in Section 4. The stationary solutions of these equations (which are the main result of this paper) are discussed in Section 5. The dependence of the magnitude of the relevant scalar order parameter and the flow alignment angle on the velocity gradient is shown graphically for some cases of special interest. Finally, in Section 6, the relaxation towards the stationary state is considered briefly.
General Remarks on the Alignment and on Birefringence
The alignment of a liquid composed of (effectively) axisymmetric molecules is characterized by the second rank tensor a = C(uu).
(1)
Here U is a unit vector parallel to the figure axis of a molecule and the bracket (...) refers to an average over the molecules in the liquid. The symbol 777 indicates the symmetric traceless part of a tensor, e. g. one has U U = U U -15 where 5 is the unit tensor. The quantity C is a numerical factor which can be chosen conveniently. Following Refs. 2 , C = (15/2) 1/2 is used here. Of course, physically observable quantities must be independent of any specific choise for For the special case of an unaxial alignment, a is of the form a = l/f a nn
where fl is a (space fixed) unit vector. The factor l/f has been inserted such that a : a = a 2 . With the special choice for C mentioned above, the scalar order parameter a is given by a = ]/5 (P 2 (U'n)) = i/o S where P 2 is the 2nd Legendre polynomial; S is the order parameter of Maier and Saupe 6 . The alignment induced in an isotropic liquid by application of a (spatially homogeneous) magnetic or electric field, as well as the alignment occurring in the nematic phase of a liquid crystal is of the unaxial type (2). It must be stressed, however, that this is not the case in general. The alignment caused by a gradient of the flow velocity (which leads to flow birefringence) is of biaxial type. A medium is birefringent whenever the anisotropic, i. e. symmetric traceless part € of the dielectric tensor e is nonzero. In a liquid composed of optically anisotropic particles as considered here, c can be assumed to be proportional to the alignment tensor,
where £a is the relevant proportionality coefficient. On account of relation (3), the alignment tensor determines the directions of the principal axes of the dielectric tensor and the magnitude of the birefringence.
Relaxation Equation for the Alignment
In Ref.a nonlinear (inhomogeneous) relaxation equation for the alignment tensor has been obtained by the methods of irreversible thermodynamics. In the presence of a viscous flow, this equation can be written as 3a tn \ -2 co x a I + 2 V2r,pW,
with co = grotV, V is the flow velocity. The "relaxation" times ra and rap are phenomenological coefficients; ra is positive, rap may have either sign. In Ref. 7 , where an equation very similar to (4) has been derived by a Fokker-Planck equation approach, ra and rap have been related to molecular parameters. The quantity £ occurring in (4) is a nonlinear function of a, viz. i 1 S = ^a-i/6ßaa + Q a (a: a) + C2 a a a,
where T is the temperature of the liquid and T* is a characteristic temperature related to the mean field energy. The coefficients A 0 , B, C t , C 2 are positive. Their temperature dependence is assumed to be weak such that it can be ignored. It has already been pointed out earlier that the equation of de Gennes 3 ' 4 for the pretransitional behavior of the flow birefringence in the isotropic phase, and the Ericksen-Leslie 5 equation for the flow alignment in the nematic phase are special cases of Equation (4). In the absence of a flow field, the stationary solutions of (4) are determined by 2 (a) = 0. The stable equilibrium solutions are a = 0 for 7>FK (isotropic phase) and a = ]/ § a eq n n (nematic phase) for F < FK . The temperature TK where the transition from the isotropic to the nematic phase takes place is determined by
the equilibrium value aeq of the order parameter is a K = %c-With the dimensionless temperature variable
the temperature dependence of aeq is given by
Notice that $ = 1 and # = 0 correspond to T -Tk and T = T*, respectively. It should be mentioned, that the isotropic and the nematic phases are metastable in the temperature ranges corresponding to 0<#<1 and 1 <#<9/8.. With due modifications, the present theory can also be applied to lyotropic liquid crystals where the number density n of solute particles rather than the temperature is the relevant thermodynamic variable. In this case, A occurring in (5) is assumed to be of the form A = A 0 (1 -n/n*) with a characteristic number density n*. Then $ is equal to (n* -n)/(n* -/Ik), «K (with ;iK<n*) is the number density where the transition into a nematic occurs under equilibrium conditions.
Special Geometry, Scalar Variables
The tensor equation (4) is equivalent to 5 equations for 5 linearly independent scalar variables (e. g. the spherical components of a). For the special geometry to be considered in the following, it is sufficient to take 3 scalar variables into account.
To obtain some feeling for a convenient choice of these variables, the flow alignment problem is considered for a flow between plane parallel plates of Couette or of Poiseuille type. If the x-and ydirections of a cartesian coordinate system are chosen parallel to the flow velocity V and to its gradient (with dv x /dy>0), one has has where I and k stand for " +, -, 0". The variables Q + , Q-, R are scalar order parameters (in units of a K -f BJC). For later reference, it is noted that the unaxial alignment a = j/f a eq n71 as it occurs in the nematic phase is of the form (9) 112 , tg2 x = QJQ->
The angle x is related the directions of the principal axes of a and consequently of the dielectric tensor. More specifically, the ansatz (9) implies that two of the principal axes are in the x-y-plane and enclose the angles x an( l X + with the ^-direction; then, of course, the third one is parallel to the z-axis.
Relaxation Equations for the Scalar Variables
Insertion of the ansatz (9) into Eq. (4), use of 
Here t^ = TSL(A0d^) 1 is the relaxation time of the alignment in the isotropic phase for T = TYL . It is related to the Leslie coefficient 2 by
where n is the number density of the liquid. Notice that one has ^>0 if the ^/-direction is chosen such that dv x /dy is positive. The quantity is given by
The subscript "K" indicates that the ratio between the Leslie coefficients 2-5 y2 and 7i has to be taken at the transition temperature TK • For prolate (rod-like) particles, one has Tap<0 and consequently /K>0.
The Equations (14, 15) for Q + and Q_ are equivalent to two equations for the variables Q and Z, viz.
rKd2xßt + r = Q-i lKrCos2x-
Notice that for T <TK the stationary solutions of (14-16) and 
Clearly, such a stationary solution exists only if the inequality Q <L\lK\ (24) is fulfilled. The following discussions are restricted to the case XR > 0 (prolate particles). Similarly, elimination of sin 2 £ from (21) with the help of (22) yields iKr=ftQ(i~Q 2 iK-2 )-n 2 ,
for ft = ft (R, Q) see (17). Since /-k F 1 0 is assumed, Eq. (24) has a physically meaningful solution only if ft is positive. Finally, Eq. (16) leads to a relation between R and Q, viz.
<? 2 = -±R(&-3R + 2R*)(l + §R)-K (26)
The physical range of R values is restricted by the obvious condition Q 2 > 0. The problem of determining Q = Q(r) and % = %(r) f°r a steady state situation is now solved, in principle, if R occurring in ft is eliminated with the help of Eq. (26). Before this point is discussed any further, it seems to be instructive to consider Eqs. (23, 25) for two limiting cases.
b) Special Limiting Cases
In the isotropic phase for temperatures T well above the transition temperature, # can be approximated by #~(1 -T*/T), cf. (7). Then 
and (23) becomes equivalent to tg 2 yv = ftr-1 . Notice that the expression (27) fulfills the inequality (24) for all values of F". In the limit r 0, i. e. for small velocity gradients, (27) essentially reduces to the expression of de Gennes 3 for flow alignment in the isotropic phase, viz.
Deviations from (27) which show up at temperatures close to 7K will be discussed later. Next, the nematic phase (F<FK) is considered with the director in the x-y-plane. If it is assumed that Q and R are equal to their equilibrium values Q e(l = s(ft) and -l<2eq, for s(&) see (8) 
for the flow alignment angle. Notice, however, that one has ft = 0 in this case, i.e. Eq. (25) is obeyed only in the limit T -> 0. Another special case to be mentioned briefly is the nematic phase with the director parallel to the z-axis and R = R en = s (ft). Then ft can be approximated by ft -6 Req + 2 R e q = 9 Req and Q is given by an expression of the form (27) but with ft replaced by 9 R eq .
c) General Solution, Flow-Induced Phase Transition, Critical Behavior
Now, the discussion of the full Equations (23, 25, 26) is resumed. To obtain an appreciation for the relation between Q and R as given by (26), Q is plotted as function of R with the temperature variable & as parameter in Figure 1 . For # ^ 9/8, R has always to be negative; for #<9/8 also positive values for R are allowed if R is within the range indicated by the loops on the right hand side of Figure 1 . A nematic equilibrium alignment with the director parallel to the z-axis corresponds to Q = 0, and R given by the intersections of the loops with the Ä-axis marked by crosses in Figure 1 . Similarly, an unaxial alignment with the director in the x-yplane corresponds to pairs of Q, R values obtained by the intersections of the curves on the left side of Fig. 1 with the dashed straight line Q = It is evident from Eq. (26) and from a glance at Fig. 1 , that the elimination of R from # {R, Q) with the help of (26) which is required to obtain Q = r) from (25) is not a simple task unless the above mentioned special cases are considered. To treat the general case, it is more convenient to express Q in (25) as function of R with the help of (26). Notice that Q also occurs in cf. (17). This yields r = r(d,R). With Q = Q{d,R) determined by (26), one has now a parameter representation for the desired functional interrelation between Q and r. This procedure has been used to plot as function of Q for # = 1, 1.2, 1.5, as shown in Figure 2 . It is recalled that # = 1 corresponds to the transition temperature . The fully drawn curves are for /K = 2, the dashed-dotted lines are for cc where (25) reduces to T ~ # Q.
The dashed straight line through the origin corresponds to de Gennes' result (28). Though this is a good approximation for # ^ 1.5 and small -T, the curves displayed in Fig. 2 are drastically different from this simple straight line behavior. In fact, they are reminiscent of van der Waals curves occurring in connection with gas-liquid phase transition. Notice, however, that the influence of a velocity gradient on the order parameter Q considered here is a nonequilibrium phenomenon. To discuss the curves shown in Fig. 2 further, the case # = 1 is considered first where, under equilibrium conditions (.T = 0), the isotropic (@ = 0) and nematic (() = 1) phases are in coexistence. Application of a velocity gradient in the isotropic phase leads to an increase of Q still -T reaches a value where one has dT/dQ = 0. This marks the limit of existence of a metastable phase. The parts of the curve r = T(Q) with dT/dQ<0 correspond to an unstable situation and are dashed in Figure 2 . It can be seen from the right hand part of the curve for $ = 1 that application of a velocity gradient in the nematic phase leads to an increase of the order parameter from its equilibrium value Q= 1. This influence of r on the magnitude of the order parameter in the nematic phase is, however, rather weak. The curve for # = 1.2 clearly shows that a transition from an isotropic to an ordered phase can be expected if r exceeds a certain value. The two phases are in coexistence for a T which lies between the maximum and minimum values of r = T (Q). This behavior is remarkable because # = 1.2 already lies above #k* = 9/8 which determines the limit of existence of a (superheated) metastable nematic phase for JT = 0. The critical isotherm goes through the critical point characterized by d 2 T/dQ 2 = 0. As can be seen from a comparison of the full and the dashed-dotted curves which are for 2K = 2 and ^K ~^ 00 > respectively, the critical values #c , With r = r (Q) determined as described aboved, the floAV alignment angle given by (23) can be plotted as function of T. In Fig. 3 , this has been done /R = 2 and # = 1, 1.2, 1.5. The parts of the curves corresponding to an unstable situation are dashed. In the limit T0, £ is equal to 45° in the isotropic phase and, in the nematic phase (with Tl ordinary (nematic) liquid crystals like PAA and MBBA with 1 and Tk« 10~6s-10" 7 s, a critical velocity gradient of 10 5 s -1 -10 6 s -1 is found. This value is rather large. Shear rates up to 10 6 s -1 , however, are used in high-shear-viscometry 8 . Notice that discontinuities of Q and % (cf . Figs. 2,  3) indicating a flow-induced transition into an ordered phase should already occur for smaller velocity gradients if the temperature T is closer to TR . Furthermore, the chances to observe such a phenomenon and the critical behavior for ft = ft c , are much better for liquids composed of larger molecules where the relaxation time TR is larger. In particular, lyotropic liquid crystals, i. e. solutions of (relatively stiff) macromolecules should be good candidates. In that case, the number density or the concentration of the solute molecules rather than the temperature is the relevant thermodynamic variable, cf. the comments at the end of Section 2. In fact, a flow-induced transition into an ordered phase has been noticed in connection with viscosity measurements of polymer solutions 9 performed at concentrations below the value where a transition into the nematic phase occurs under equilibrium conditions.
Relaxation towards Steady State, Stability
To study the approach towards a steady situation, in equations ( 
for ft see (17). Notice that the subscript "0" referring to the stationary solution has been dropped in order to simplify the notation. 28)) are used, the inequality (35) becomes equivalent to Notice, however, that this stability limit which has also been obtained in Ref. 2 by a somewhat different analysis, is based on an approximation where only terms in the lowest order in Q are taken into account. The stability limits for T based on the full expressions for <Z> ... can also be inferred from the extrema of r = r(Q), cf. Of specific interest is the relaxation of the angle For small JT, the relaxation equation (33) for % is decoupled from those for R and Q. In this case, X decays exponentially towards its steady state value with the effective relaxation time
In the isotropic phase, reff beoomes equal to the relaxation time T = Tk# -1 of the alignment tensor if $ is approximated by In the nematic phase, on the other hand, one has # ~ X J 1 l/l -I -2 , cf. (25) with X = Qlj AR if Q is replaced by its equilibrium value Q eq . Notice that the effective relaxation time for the flow alignment angle % is proportional to -T -1 in this case, viz.
Teff=TK (JP-D-^r-*.
Incidentally, (37) also indicates that no (spatially homogeneous) steady state can be reached for X < 1.
Concluding Remarks
In this paper, spatial inhomogeneities of the alignment tensor associated with fluctuations, boundary effects, disclinations and domain formation have been disregarded. Furthermore, laminar flow only has been considered. Within these limitations, the following results have been obtained from the stationary solution of the inhomogeneous nonlinear relaxation equation (4) for the alignment tensor (which reduces to the Eqs. (14-16) or (16, 21, 22) for scalar variables). For temperatures T above the transition temperature TK , the results of de Gennes for flow birefringence in the isotropic phase are recovered in the limit of small velocity gradients. For sufficiently large shear rates, a drastically different behavior is found, in particular for temperatures T with ^K < T ^ T c where T c is a critical temperature. In this temperature intervall, a transition into ordered phase can be induced by the flow field. This ordered phase is essentially of nematic type with the director in the plane determined by the directions of the flow velocity and its gradient. For 7 1 <7 7 K i.e. in the nematic phase, the order parameter and the flow alignment angle depend weakly on the flow rate. In the limit of small velocity gradients, the Ericksen-Leslie expression is obtained for the latter quantitity. Similar remarks apply to lyotropic liquid crystals where the number density of solute molecules rather than the temperature is the relevant variable. Finally, the relaxation towards a steady state situation has been considered.
Experimental investigations on the flow-induced phase transition, e. g. through a study of the dependence of flow alignment angle x on the shear rate, are desirable both for thermotropic and lyotropic liquid crystals.
